This paper presents an analytical model for investigating the effect of debonding between piezoelectric actuators/sensors and the host beam on the sensing and actuating behaviour. In this model, both flexural and longitudinal displacements of the host beam and the piezoelectric layers are considered using classical beam theory. For the adhesive layer, only through-thickness peel strain and transverse shear strain are taken into account, and they are assumed to be constant across the adhesive thickness. When a debonding occurs between the host beam and an actuator or sensor, the stresses transferred via the adhesive layer are assumed to be zero. Using this model, the effects of debonding on the sensing and actuating behaviour are examined. Numerical results reveal that debonding can have remarkable effects on the distributions of strains and internal forces as well as frequency spectrum and charge output.
Introduction
Piezoelectric materials have been widely used as distributed sensors and actuators in vibration and shape control of smart structures due to their quick and effective transformation between mechanical and electrical energy [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . One fundamental assumption in those studies is that piezoelectric actuators/sensors are perfectly bonded onto a surface of a host structure. While this assumption is valid for most circumstances in active control of structural performance, there exists a possibility of piezoelectric actuators/sensors separating from host structures. This possibility increases as new piezoelectric materials with high strain level and high breakdown electric field become available to design engineers of smart structures.
It is well known that piezoelectric ceramics are brittle and susceptible to cracking, particularly when subjected to a cyclic electric loading. For the case of conventional piezoelectric ceramics used as actuators, debonding may be not an important 3 Corresponding author.
issue due to their low strain level (<0.2%) and low breakdown electric field. However, for some new piezoelectric ceramics, such as single crystals, debonding of piezoelectric ceramics from a host structure can be an important problem for reliable design and safe operation of smart structures due to their high actuation authority. For example, piezoelectric single crystals possess a high strain level up to 1.4% leading to high strain energy density, and can sustain very high electric field (of the order of 10 MV M −1 ) without electric breakdown. The high strain induced in a single-crystal actuator creates high differential straining in the actuator and high stresses in adhesive along the edge of the actuator, and finally debonding from the host structure. This is particularly important when the actuator is subjected to a cyclic electric field; for example, in structural vibration suppression, fatigue failure or debonding may be induced.
When debonding exists in a smart structure, it is important to understand its effects on the overall performance of the smart structures. A literature search shows that there exist only a few recent studies investigating debonding effects. Seeley and Chattopadhyay [15] developed a finite-element model for the structures including actuator debonding by separating the structures into debonded and non-debonded area based on the refined high-order theory. In their model, the displacement continuity in the interface between the debonded and nondebonded areas is imposed and implemented using a penalty function approach. They also investigated the effects of the debonding between the actuator and the host beam on the closed-loop control by experiment [16] , and found that the debonding length is a critical factor to the closed-loop control. Wang and Meguid [17] analytically investigated the static coupled electromechanical behaviour of a thin piezoceramic actuator embedded or bonded to an elastic medium under the plane strain assumption. Based on a set of singular integral equations in terms of an interfacial shear stress, they examined the effect of interfacial debonding of an actuator on shear stress by cutting off the part of the debonded actuator and applying an equivalent stress on the remaining actuator parts.
It is evident that a full in-depth understanding of the debonding effects has not yet been established. There are a number of questions yet to be answered in relation to debonding effects, for example identification of debonding, debonding effects on functions of actuators/sensors, debonding effects on controllability of structural vibration etc. In this paper, we limit our study to the investigation of debonding effects on actuating and sensing behaviour of actuators and sensors in smart beams.
Actuator model with debonding

Assumptions and governing equations
We consider a slender composite beam, on which a piezoelectric actuator layer is bonded with several debonded regions, as shown in figure 1. It is assumed that the debonding occurs throughout the width of the beam and the debonding front lines are straight and perpendicular to the x-axis. Similar to the case for adhesive bonded lap joints [18] , both the host beam and piezoelectric actuator layer are assumed to undergo longitudinal and transverse deformations, which can be modelled using classical beam theory; while the adhesive layer is assumed to only carry constant transverse shear and peel strains. For the adhesive segment with debonding, it is assumed that there is no stress transferring between the host beam and piezoelectric actuator layer. In addition, contact and friction between the two debonded surfaces are not considered for simplicity. Figure 2 depicts the free-body diagram of the composite beam including the host beam, the actuator layer and the adhesive layer, and from this figure the following equations of motion can be obtained: 
where the subscripts a and b represent the actuator layer and the host beam, respectively, u is the longitudinal displacement in the mid-plane, w is the transverse displacement, h denotes the thickness, b is the width of the composite beam, τ and σ are the shear and peel stress of the adhesive layer, T , Q and M are the axial force, transverse shear force and bending moment respectively, and f l (x, t) and f t (x, t) are the axial and transverse loads per unit length. The equivalent mass densities per unit length of the actuator and the host beam are ρ a A a = ρ a bh a + ρ ad bh ad /2 and ρ b A b = ρ b bh b + ρ ad bh ad /2 respectively, in which half the mass of the adhesive layer is added.
The strain in the x-direction (the length direction) for a point at a distance z from the neutral plane of the actuator layer is
The constitutive relation of the piezoelectric actuator layer is given by
where Y is the Young's modulus that may be complex when the damping is considered, E is the electric field density applied on the actuator layer and e 31a is the piezoelectric stress constant of the actuator layer. The axial stress resultant and the bending moment for the actuator layer can be written as follows:
where r a is the z-coordinate value of the mid-plane of the actuator layer from its neutral plane and V is the voltage applied on the actuator alone in its thickness direction. In the above equations,Ā a andD a are the axial and bending stiffness, and B a is the extension-bending coupling term given bȳ
where z al and z au are the z-coordinates of the lower and upper surfaces of the actuator layer measured from its own neutral plane. Similarly, for the host beam, we have
where the property parametersĀ b ,B b andD b are defined similarly to equation (7) . Using the constant shear and peel strain assumption [18] , the shear and peel stress in the adhesive layer are given by
where k b is a parameter characterizing the bonding condition
weak bonding 1 perfect bonding (12) h ad is the thickness of the adhesive layer, Y ad and ν ad are the Young's modulus and Poisson's ratio of the adhesive layer respectively, and the shear strain takes the following form:
In this paper, only the debonding and perfect bonding cases are considered.
Eliminating all the axial, shear force, bending moments from equations (1)- (11) , the following equations of motion of the composite beam can be obtained:
For the debonding area, where k b = 0, the equations of motion become
Boundary conditions
For the actuator layer, there are six applicable boundary conditions, namely the following. Fixed end:
Pinned end:
(16c) For the host beam, there are also six applicable boundary conditions, i.e. the following. Fixed end:
Free end:
(16f)
Continuity conditions
To ensure continuity at the interface of the debonding and bonding areas, all displacements and all stress resultants must be identical, namely, the following continuity conditions are imposed:
where the superscripts n and d stand for the displacement in non-debonded and debonded segments at the debonding interface.
Sensor model with debonding
Following the same procedure as the actuator model, the equations of motion of the composite beam with bonded piezoelectric sensor layer with debonding can be derived, which can be obtained by replacing subscript 'a' by 's' in equation (14), and equating the right-hand side to zero in equations (14a) and (14b). The constitutive equation of the piezoelectric sensor layer is given by
where D 3 is the electric displacement in the thickness direction, e 31s is the piezoelectric stress constant of the sensor layer, ∈ 33 is the dielectric constant and E is the applied electric field density. ε s is the axial strain of the sensor layer, which can be determined using equation (3) by replacing subscript a with s. The electric charge accumulated on the electrodes of the sensor layer can be obtained by
where z su and z sl are the z-coordinates of the upper and lower surfaces of the sensor layer. Substituting equation (18) into (19) and neglecting the reverse piezoelectric effect of the sensor layer, the output charge of the piezoelectric sensor layer can be obtained as
where L n and L d represent the non-debonding and debonding areas respectively, and r s is the z-coordinate value of the midplane of the sensor layer from its neutral plane. Equation (20) shows that the output charge of the sensor layer is proportional to the average strain in both debonding and non-debonding areas. When the sensor layer is perfectly bonded onto the host beam, the charge output is also proportional to the average surface strain of the beam it covers. However, when debonding occurs between the host beam and the sensor layer, as one part of the whole output of the sensor, the charge contributed by the debonding area of the sensor layer
may not be well related to the average strain of the part on the host beam it covers. The boundary conditions and the continuity conditions are similar to the actuator case in the above section except that the voltage should be zero.
Solution scheme
The partial differential equations of motion of the smart beam given in equation (14) may be directly used and solved by several numerical methods. However, in order to simplify the boundary conditions as well as the continuity conditions, we choose the following procedure [18] to solve the problem. Taking Fourier transformation with respect to time t in equations (1)- (11), we have 
where the over-bar represents the Fourier transformation with respect to time, for examplē
Equations (22) are simultaneous ordinary differential equations with parameter ω. By introducing the variables y i (i = 1, 2, . . . , 12) defined as
equations (22) can be written into the following state equation:
where Y = (y 1 , y 2 , . . . , y 12 ) T is the state vector; the state matrix A and vector B are given in the appendix.
After Fourier transformation of the boundary conditions in equation (16), (25) and its corresponding boundary conditions becomes a boundary value problem of ordinary differential equations, which can be solved by the shooting method or the relaxation method [19] . In this case, the continuity conditions at the interface of the non-debonding and debonding regions simply become
Since the governing equations are different in the bonded and debonded areas, the multiple-shooting method [19] is employed to solve this problem. In this method, the whole solution interval is first subdivided into a number of subintervals, and the simple shooting method is used to obtain solutions by adjusting the initial values for each subinterval. The solutions for each subinterval can be combined to form a set of linear algebraic equations by imposing the boundary conditions at both ends of the overall interval and the continuity conditions at the locations where two subintervals join. By solving this set of algebraic equations, the solution for equation (25) can be finally determined.
Results and discussion
In this section, dynamic changes of the smart beam with debonding between the piezoelectric layer and the host beam are numerically examined for a cantilever composite beam, and particular attention will be given to the actuating and sensing behaviour of the piezoelectric lamina with partial debonding. The material properties and dimensions of the composite beam are listed in table 1.
Comparison with the available results
To validate the model presented above, the frequencies of a beam with debonded piezoelectric patches are compared with the experimental result and the finite-element result presented by Seeley and Chattopadhyay [15, 16] 10 N. In our calculation, the thickness of the adhesive layer is taken as 0.1 mm and its physical properties are given is table 1.
When the debonding length is taken as 0 (perfect bonding), 1.8, 3.6 and 5.4 cm, the first two modal frequencies of the beam obtained by the present model are listed in table 2, in which the experimental and finite-element analysis results by Seeley and Chattopadhyay [15, 16] are also listed for the purpose of comparison. Table 2 shows that the first two modal frequencies of the beam with debonded piezoelectric patch are in agreement with the experiment and HOT results. The slight difference may result from the following reasons: (1) a thin adhesive layer (0.1 mm) with lower Young's modulus is considered in the calculation, which may affect the second modal frequency more than the first modal frequency; (2) the equivalent bending stiffness and extension stiffness of the composite host beam are used in the calculation; (3) the small accelerometer (0.4 g) on the free end of the host beam is not modelled in the current calculation.
Example 1. Beam with fully covered piezoelectric actuator and sensor layers
In this example, a cantilever composite beam with a sensor or actuator covering its full length is considered. The beam itself is clamped at one end and free at the other, while the boundary conditions at both ends for the fully covered sensor or actuator are free. The effect of debonding is considered by introducing debondings of different length and locations. The debonding effects on the sensing and actuating behaviour are discussed as follows.
Sensing behaviour of actuator with debonding.
To study the debonding effects on the sensing behaviour, an initial impulse f t (x, t) = 0.1δ(x − l)δ(t) N s is applied at the free end of the clamped cantilever composite beam. Two cases are considered. In case 1 a debonding of fixed length (50 mm) is introduced and located at a different location from near the clamped end to the free end. In case 2 the central location of debonding is fixed, i.e. at the middle point of the beam, while its length varies from 10 to 100 mm. The frequency spectrum of the sensor output can be calculated from the presented model. When a debonding occurs between the piezoelectric sensor and the host beam, both height and location of each peak in the frequency spectrum, which reflect the amplitude and frequency of each vibration mode of the beam, vary in different degrees. In the following discussion, the amplitude and frequency change of each peak in the frequency spectrum are used to examine the effect of the debonding of the piezoelectric patches. For case 1, figures 3 and 4 depict the amplitude changes of the peaks in the spectrum of the charge generated by the sensor layer and the natural frequency change, respectively, relative to those without debonding. In both figures, x d denotes the value of the x coordinates at the centre of the debonded segment (see figure 1) . As shown in figure 3 , debonding can significantly affect the amplitude of sensor output for the first three modes when located near the clamped end. This effect becomes relatively weak when the debonding area is far from the clamped end. Figure 4 shows that a debonding near the clamped end can reduce values of frequency for the first three modes.
For case 2, figures 5 and 6 show the variation of the sensor output and the natural frequencies relative to the non-debonded cases are presented with different ratios of the debonding length to the sensor length respectively. It is evident that debonding barely affects the amplitude of sensor output and the frequency for the first mode, and only a large debonding can have a noticeable effect in terms of reducing the amplitude of sensor output and frequency. Since the sensor output is related to the strain in the piezoelectric sensor layer (see equation (20)), the strain distributions of the sensor layer for the first three modes are shown in figure 7 for the case of a 5 cm long debonding at the middle point of the beam. Clearly, the strain distributions at the debonding area are remarkably different from those of perfectly bonded sensors, which may be used to potentially locate the debonding area.
Actuating behaviour of actuator with debonding.
In this case, an initial uniform voltage impulse V (x, t) = 100δ(t − 0) Vs is applied on the actuator layer to excite the beam. For the case of different locations of a 3 cm long debonding, figure 8 depicts the amplitude variation of the transverse displacements of the free end of the beam. Once again a debonding near the clamped end can significantly change the transverse displacement at the free end. This is further shown in figure 9 , which plots the transverse displacement at the free end versus the non-dimensional debonding length for the case when the debonding occurs at the clamped end. Similar to the sensor case, the actuating behaviour of the actuator layer may be influenced when a debonding locates at either end of the beam, especially at the clamped end of the beam. In this case, a longer debonding can lead to a more significant decrease of the actuator's ability to actuate the first and third modes of the beam. Figure 10 shows the axial force and the bending moment distributions induced by the applied actuating voltage impulse for the case when there is a 3 cm debonding located at the middle of the beam. It is clearly shown that for the three modes the distributions of the axial force and the bending moment along the actuator deviate remarkably from those of a perfectly bonded actuator at the debonding region. 
Example 2. Beam bonded with piezoelectric actuators and sensors covering a portion
In this example, we consider the same cantilever beam as in example 1 except that the piezoelectric actuator and sensor only cover a small portion of its length; that is, both sensor and actuator are assumed to be 5 cm long, i.e. L s = L a = 5 cm. The excitations for the sensor and actuator cases are also the same as those used in example 1.
Sensing.
The sensor patch is bonded on the surface of the host beam and its left and right ends are 6 and 11 cm away from the clamped end. When a 1 cm long debonding occurs at the mid-point of the sensor patch, its effect on the strain distribution for the first and the second modes of the beam can be obtained and is shown in figure 11 . It is noted that the axial strain becomes a constant in most of the debonding region for both modes 1 and 2. This is similar to the results observed in example 1. Figure 12 depicts the amplitude variation of the sensor output for the first mode with different debonding length and bondline thickness when a debonding takes place at the right end of the sensor patch (11 cm from the clamped end). In figure 12 , L d and L s denote the debonding length and the length of the sensor, respectively. Figure 12 clearly shows that the sensor output for the first mode linearly decreases with the non-dimensional debonding length. The sensor output drops almost 50% when the non-dimensional debonding length increases from 10 to 50%. It can also be seen that the bondline thickness slightly affects the sensor output; however, it does not affect the overall trend. The effect of debonding location on the frequency structure of the charge output of the sensor patch is investigated by considering the following three debonding cases:
(a) 1 cm debonding measured from the left end of the sensor patch, (b) 3 cm debonding located in the middle of the sensor patch and (c) 1 cm debonding measured from the right end of the sensor patch. Figure 13 depicts the frequency spectra near the first and second modes for the three debonding cases. Figure 13(a) shows that the debonding at both ends of the sensor patch reduces the peak values of the sensor output for mode 1 and debonding in the middle (case (b)) does not have any effect. The reduction in sensor output for case (a) is slightly more than that for case (c). This may be because the debonding of case (a) is located closer to the clamped end than that of case (c) for the first mode. Figure 13 while debonding of cases (a) and (b) have very little effect. It is believed that the significant reduction in sensor output for mode 2 in case (c) is primarily due to the location of debonding. It is thus clear that debonding at both ends may cause a significant reduction in the amplitude of the sensor's output, and consequently affect the sensing ability of the sensor patch. Figure 13 also demonstrates that the debonding at both ends can also slightly change the frequencies of the beam, which may affect the control robustness in a closed-loop control.
5.3.2.
Actuating. For the case of an actuator patch, we consider a patch located 10 cm away from the clamped end and with a debonding at its right end. The debonding length varies from zero to half the length of the actuator, and the thickness of actuator patch is also changed. Figure 14 depicts the effect of debonding length and the thickness of actuator patch on the displacement at the free end and the natural frequency for the first vibration mode. In this figure, h a and h b denote the thickness of the actuator and host beam respectively, while L d and L a represent the length of the debonding region and actuator. Figure 14 is also found that reduction in the thickness of actuator patch leads to an increased tip deflection, and the reduction in the tip deflection due to debonding for the case of the thicker actuator is slightly smaller than that for the case of the thinner one.
The results indicate that a thinner actuator patch may be more profoundly affected by the debonding in terms of actuated tip deflection. It can also be seen that a thicker actuator patch will not excite a larger vibration at the same actuating voltage level probably due to the stiffness increase of the composite beam. Figure 14(b) shows that the effect of debonding length on the frequency of mode 1 is similar to that on the tip deflection; however, the magnitude of the reduction is not as remarkable as that in the tip deflection. The effect of actuator thickness on the natural frequency is opposite to that on the tip deflection; namely, the frequency for the case with the thicker actuator is more sensitive to debonding than with the thinner one. Consider another example in which the left end of the actuator patch is located 2 cm away from the clamped end with two debonding cases: (a) 1 cm debonding at the left end of the actuator patch and (b) 3 cm debonding located at the middle of the actuator patch. Figure 15 depicts the axial force and shear force distributions along the actuator span. Figure 15(a) shows that the axial force becomes a constant in the debonding region when it occurs in the middle of the actuator patch. It also shows that the axial force for the case of debonding at the left end has a distribution pattern in the non-debonded region similar to that of perfect debonding, but with a smaller magnitude. This is probably because the actual left end of the actuator with debonding is slightly further from the clamped end. Figure 15(b) shows that a middle debonding creates another two small peaks at the ends of the debonding region in addition to the original two peaks, but the original two peak values are hardly affected. It is also observed that the left end debonding can remarkably reduce values of the two peaks.
Conclusions
This paper presents analytical models for smart beams with debonded piezoelectric actuators and sensors. Numerical results illustrate the following points:
(a) The distributions of strains and stress resultants, such as axial force, shear force and bending moment, in the piezoelectric layers/patches in the debonding region are remarkably different from those without debonding. However, the effect of debonding on displacement distributions in the debonding region is very weak. (b) Debonding at the end of the sensor/actuator may have a more noticeable effect in terms of reducing the sensor output charge, frequency and tip deflection of the beam than that in the middle area, which in turn affect the sensing ability and actuating authority, particularly for the first vibration mode. (c) Debonding at the end of an actuator leads to reduction of the actuated tip deflection, and this effect for a thin actuator may be more severe than that for a thick actuator.
Appendix
The state matrix A and vector B in equation (25) The matrix A has different entries in the debonding and perfect bonding areas since k b has different values as shown in equation (13) .
